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ABSTRACT. Kadec and Pelczynski have shown that every non-reflexive subspace of L'(u) contains a copy of
l1 complemented in L'(1). On the other hand Rosenthal investigated the structure of reflexive subspaces of L'(u)
and proved that such subspaces, have non-trivial type. We show the same facts to hold true, for a special class of

non-reflexive Orlicz spaces. In particular we show that if F' is an N-function in A with its complement G satisfying

limy— oo Gcf(ctt)) = 0o then every non-reflexive subspace of L}, contains a copy of l1 complemented in L. Furthermore
we establish the fact that if F' is an N-function in Ao with its complement G satisfying lim;— oo GG((C;)) = oo then every

reflexive subspace of Ly has non trivial type.
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1 Introduction and Background

Kadec and Pelczynski in [4] have shown that every non-reflexive subspace of L!(u) contains a copy of I3
complemented in L*(x). On the other hand Rosenthal in [12] investigated the structure of reflexive subspaces
of L'(11) and proved that such subspaces, have non-trivial type.

In this paper we will establish similar results for a special class of non-reflexive Orlicz spaces. In particular,

in Section 2 we show that if F' is an N-function in Ao with its complement G satisfying lim;_. o %(ét) =

—

oo then every non-reflexive subspace of L., contains a copy of I complemented in L} (Theorem 2.4).

Furthermore we show that if F' is an N-function in Ay with its complement G satisfying lim;_, o % =

then every reflexive subspace of Ly has non trivial type (Theorem 2.7).

1.1 N-Functions and Orlicz Spaces

We begin with recalling some basic facts about N-functions and Orlicz Spaces. For a detailed account of these

facts, the reader could consult chapters one and two in [5]. Throughout this paper y denotes a probability.

Definition 1.1 Let p: [0,00) — [0,00) be a right continuous, monotone increasing function with

2. limy_, o0 p(t) = 00;
3. p(t) > 0 whenever t > 0;

then the function defined by

is called an N-function.
The following proposition gives an alternative view of N-functions.

Proposition 1.1 The function F is an N -function if and only if F' is continuous, even and convex with

1. limz*,() Fff) = 0,'

2. lim,_, o @ = 00,

3. F(z)>0 i z>0.



Definition 1.2 For an N-function F' define

G(z) = sup{t|z| — F(t): t > 0} .

Then G is an N-function and it is called the complement of F.

Observe that F' is the complement of its complement G.

Definition 1.3 An N-function F is said to satisfy the Ay condition (F € As) if

limsup,_, ., I;((Q;)) < 00. That is, there is a K > 0 so that F(2z) < KF(x) for large values of x.

Given an N-function F', the corresponding space of F-integrable functions is defined as follows.

Definition 1.4 For an N-function F and a measurable f define
F() = [ F(fdn.
Let Lp = {f measurable : F(f) < co}. If G denotes the complement of F let
L} = {f measurable : |/fgd,u| < oo Vg€ Lg}.

The collection Ly, is then a linear space. For f € L}, define

1]l = sup{] / fodul - G(g) <1}

Then (L%, | - ||F) is a Banach space, called an Orlicz space. Moreover, letting || - ||(py be the Minkowski
functional associated with the convex set {f € Ly : F(f) <1}, we have that || - ||(py is an equivalent norm

on L, called the Luzemburg norm. Indeed, || f||(ry < || fllr < 2||fll(r), for all f € L}.
The following theorem establishes the fact that an Orlicz space is a dual space.

Theorem 1.2 Let F' be an N-function and let Er be the closure of the bounded functions in L}.. Then the

conjugate space of (Er, || - ||(r)) is (L&, || - le), where G is the complement of F.

Theorem 1.3 Let F' be an N-function and G be its complement. Then the following statements are equiv-

alent:

1. L = Ep.



2. L' = Lp.
3. The dual of (Er, || - l(ry is (LG, || - la)-
4. F e,

Theorem 1.4 (Holder’s Inequality) For f € L}, and g € L, we have

[ 1751di < 11Nl -

Theorem 1.5 If f € L}, then
. 1
1fllr = mf{k(l +F(kf): k> 0} .

It follows then that f € L% if and only if there is ¢ > 0 so that F(cf) < oc.
Proposition 1.6 If ||f|lr <1 then f € Lr and F(f) < ||f|F-

Recall that a subset K of L!(u) is called uniformly integrable if given ¢ > 0 there is a § > 0 so that
sup {fE |fldw: f € IC} < ¢ whenever p(F) < d. Alternatively K is bounded and uniformly integrable if and

only if given £ > 0 there is an IV > 0 so that

sup{/ f|du:f€l€}<€wheneverc2]\7.
[If]>e]

The classical theorem of Dunford and Pettis [2, page 93], identifies the bounded, uniformly integrable subsets
of L' (1) with the relatively weakly compact sets. A concept similar to Uniform Integrability is that of equi-

absolute continuity.

Definition 1.5 We say that a collection K C L} has equi-absolutely continuous norms if
Ve >03d > 0so that sup{||xefllr: f € K} < e whenever u(E) < .
For f € L% we say that f has absolutely continuous norm if {f} has equi-absolutely continuous norms.
The following result deal with the equi-absolute continuity of the norms.
Theorem 1.7 A function f € L} has absolutely continuous norm if and only if f € Ef .

The next two results resemble the theorem of Dunford and Pettis. For their proofs the reader should

consult [1], Lemma 2.1 and Corollary 2.9.



Theorem 1.8 If F' € Ay and K C L}, then the following statements are equivalent:
I) The set K has equi-absolutely continuous norms.

II)The collection {F(f): f € K} is uniformly integrable in L*.

Theorem 1.9 Let F' € Ay and suppose that its complement G satisfies

lim Glct) = oo for some ¢>0.

i G()

Then a bounded set I C L%} is relatively weakly compact if and only if KC has equi-absolutely continuous

norms.

1.2 Banach Spaces with Type

Denote by (r,), the sequence of Rademacher functions. Recall that for a positive integer n, r, : [0,1] —

{—1,1} is defined by
o (1) =—1.

o r,(t) = (=1)0D for t € [

o ,2n) where ¢ =1,...,2".

Definition 1.6 A Banach space X is said to have type p, for some 1 < p < 2, if there is a constant K so
that
1 1
/ || Zn (b)) Z s 7)%

for any x1,... 2, € X.

It turns out that type’s presence in a Banach space, is ultimately connected with the space’s finite

dimensional structure. To be more specific, we need the following notion.

Definition 1.7 Let A > 1 and X be a Banach space. We say that X contains IT’s A-uniformly if for each

positive integer n there is an isomorphism T : [} — X so that |T|| - |77 < .

It is easy to see from the definition above that X contains I7’s A-uniformly if and only if for each positive
integer n, 3x1,...,x, € Bx such that

n 1 n
1Y il > X; |ai|

for all choices of scalars aq,...,a,.



Theorem 1.10 (Pisier) The following are equivalent for a Banach space X :
1. For each A > 1, X does not contain IT’s A-uniformly.
2. For some A > 1, X does not contain 7 ’s A-uniformly.
3. The space X has type p for some 1 < p < 2.

For a proof of this theorem as well as a more detailed account and bibliography, the reader should consult

[11] and [10, pages 31-40].

2 The Main Results

2.1 Subspaces containing complemented [,

In this section we derive a theorem similar to the one of Kadec and Pelczynski, about L' in [4] (see also [2,

pages 94-98]).

Lemma 2.1 Let (f,) be a normalized disjointly supported sequence in L, where F' € Ag and its complement

G satisfies lim,_, o %((f)) = 00, for some ¢ > 0. Then there is a subsequence (fn,) of (fn) so that

i. (fn,) is equivalent to Iy ’s unit vector basis.

ii. The closed linear span of (fn,) is complemented in L% by means of a projection of norm less than or

equal to 4c.

iii. The coefficient functionals (¢r) extend to all of the dual of L} and ||¢x|| < 4 for all positive integers k.

Proof :  Let E,, denote the support of f,. For each positive integer n choose g,, € Lg with [ G(g,)dp <1

so that [ g, frdp > % There is no harm in assuming that each g, is also supported on E,,.

Claim that [ G(gn/c)du — 0 as n — oco. Fix ¢ > 0. Since lim, %((Cg) = oo then lim, o % =0.

So we can choose zg > 0 so that GG(Z)C) < % whenever & > x(. Since the E,,’s are pairwise disjoint and p is

a probability, we have that u(F,) — 0 as n — oco. So there is a positive integer N so that u(E,) < m

whenever n > N. So for n > N we have

[ 6tasaan ~ /H%,WG(Q”/C”’” [ Gl

[lgn]Zw0 ]



< Glao/Iu(B,) + 5 [ Glod

and so the claim is established.
Now choose a subsequence (ny) of the positive integers so that > po; [ G(Q"T’“)d,u < 1. For any sequence
of signs o = (e)) define g, = Y 7| €xgn, - Since the g,,’s are disjointly supported, g, is well defined.

Furthermore

< 1.

So gs € L. Recall that the norm of g, in L, is given by [|go|lc = inf{3(1 + [ G(kg,)dp) : k > 0} and so

it is easy to see that ||g,||¢ remains constant as o varies. Denote this constant by M and observe that

M =lgollo <ct+ [ G =1+ Y [ Gy < 2.
k=1

Now for (ax) € l; let o = (sign(ag)). Then

I afullr > / ggzakfnk
2 Tle
o NN
k=1
1 oo
= Mz‘ak?' gnk:fnkdl’(‘
k=1
> LiI@I
= oM Rl

Hence (i) is established.

Now define for each k, a functional ¢;, on all of L}, by

ox(f) = W'/gnkfdﬂ



and define P : L}, — L7} by
P(f) = ok(f) fuy-
k=1
Then for £ =1,2,...
[0kl < 2llgn.lle <2- (14 Glgn,)) <4.
Furthermore P is a projection of L}. onto the closed linear span of (f,, ) with

[ gn, fdp
Pl = s |3 Ll

Ifle<t =4 gnfrndp

o0
< 2 sup /\gn fldp
||f|\F31kZ:1 ’
< 2 sup | lgnDlle - I1f1lr
Ifle<t
- oM
< e

And so our proof is complete. I

We state now the following result in form of a lemma. Its proof can be found in [2, page 50].

Lemma 2.2 Let (z,) be a basic sequence in the Banach space X with coefficient functionals (z}). Suppose
that there is a bounded linear projection P : X — X onto the closed linear span [z,] of (zn). If (yn) is any

sequence in X for which

o0
DO IPI- Nzl - llzn = yall < 1,

n=1

then (yn) is a basic sequence equivalent to (z,) and the closed linear span [y,] of (yn) is also complemented
in X.

Lemma 2.3 Let (f,) be a sequence in L}, where F' € Ay and its complement G satisfies limg_ o %((Z“)) =00

for some ¢ > 0. Suppose that for each € > 0 there is a positive integer ne so that pu([|fu.| > €llfu.llr]) <e.

Then there is a subsequence (ry,) of (fn) so that (ﬁ) is equivalent to 1y ’s unit vector basis. Furthermore

the closed linear span [ry,] of (ry) is complemented in L.

Proof : First observe that if f € L}, E = [|f| > ¢||f||r] and K is the norm of the inclusion map L}, — L'

then

o f

f
Ixe lr =l I = lIxee [k
/1l £l £l



= 1- ||fH sup{|/gXchdu\ g € Lg and G(g) <1}

> XEe flloo
HfH Il
> IfllF-e
HfH I
= 1—Ke.

So using the hypothesis there is a measurable set F7 and a positive integer n; so that

1
© 16c-42°

and |[xz, [P

1
mEY) < f6o ER

Jni
[fna I
Since F' € Ay then each f € L} has an absolutely continuous norm. This fact together with the hypothesis

again, yields a measurable F5 and a positive integer ny > n; so that

1

E. - -
/”L( 2) < 166'43K7

1

16¢ - 43

fra
IXE [F>1-
“Nfnallr
and
1

e
XE F< .
e, [ fns Ml P Ir < foe®

Continue inductively to construct a subsequence (g,,) of (f,,) and a sequence of measurable sets (E,,) so that

1
E) < ——,
H(En) < J6o iR
9n 1
>1— ——
and
}jan [ p——
" 16c - Ant1
Now let
A, =E,\ U E. and h, = ginx,% .
N Toul7
Then
In gn
[ —hallF = lxac |7
gl " ||gn||
dn
< Ixee IF+[IXE\A., 113
n\|nn M lgalle



1 In
S o _Jn
S oo Tz, e lgnllF I
1 - In
< =+ Z XE, ——||F
. An+1 k
16c - 4 it llgnll 7
1 > g
< ——+ IXE, 7 F
16¢ - 4n+1 k§+1 “NgnllF
1 > 1
< - [
S Teeani b Z 16¢ - 4k+1
k=n+1
- 1
16c - 4"
Thus
L > |halr
B In
= |xa,—IF
llgnllr
gn n
> xe, 77— lFr = lIx| = |
gl Ui P gl
1 - In
> 11— — - IxE: 75— lF
16¢ - 4n+1 k:ZnH *NlgnllF
1 > 1
> 1—- — — —
= 16¢ - 4n+1 _2116c~4k+1
1
1— .
16¢ - 4
And so
9n hn adn hn
|[—— =5 llr < i =hallr +Pn - 5——IlF
lgnllr Anllr gnllr |l 7
1
< 1— Ay
< 166_4n+( hnllF)
< ! +(1-1+ )
= 16¢c-4n 16¢ - 47
B 2
 16¢-4n

By Lemma (2.1), there is a subsequence (ny) of the positive integers so that
. (ﬁ) is equivalent to l;’s unit vector basis.
’I'Lk

e The closed linear span [hy,] of (hy,) is complemented in L} by means of a projection P, of norm less

than or equal to 4c.
e The coefficient functionals ¢y, extend to all of L, with |¢y||¢ < 4 for all k.

10



So we have that if r, = g, then

by . gn o,
Z e~ Tl kzl o TR
hy,
< 16¢- | —2— &
Z HgnHF [[hnll 7
2
< 16¢-
< 16¢ Z Toe 17
n=1
-y
= o

1

A\
_ 3
o

Hence the result is established by an appeal to Lemma (2.2). I

Theorem 2.4 Let F' € Ay with its complement G satisfying

lim G(cx)
2% @)

=00 for some c¢>0.

If X is any non-reflexive subspace of L, then X contains an isomorphic copy of l; that is complemented in

L.

Proof : Since X is not reflexive, then the ball Bx of X is not relatively weakly compact. Hence by Theorem
(1.9), Bx does not have equi-absolutely continuous norms. So by Theorem (1.8), the set {F(f) : f € Bx}

is not uniformly integrable in L'. Thus there is a 6 > 0 so that

lim sup{ F(f)du; feBx}=9.

amee [IfIza]
Keeping in mind that the above limit is actually an infimum we can find an increasing sequence (a,) of

positive reals, with a,, — 0o as n — oo so that

1
§ < sup{ F(f)dp; feBx}<d+—,
[1f1>an ] n

for each positive integer n. It follows then, that there is a sequence (f,,) in Bx so that

1 1
6—7</ F(fn)dp <6+ —
an|>an] n

n

for all positive integers n. Now let gn = fuX[|f,|>a, ] @0d hy = fr —gn. Observe that for each € > 0 we have

#(llgnl = ellgnlle ) < nulllgnl > 0])

11



1
An J[|fnl>an ]
1
< [ Pl
Qn [1fnl>an]
1
S D]
Gnp

provided that n is large enough. Since é — 0 as n — oo then u([|gn| > €llgnllr]) < € for even larger n. So
by Lemma (2.3), (g,) has a subsequence that spans a complemented Iy in L.
We now show that (h,,) has equi-absolutely continuous norms. Note that if m < n then [|hp,| > a,] =0

while if m > n then

/ F(hm)d,u = / F(fm)dp
[lhm|>an ] [[fml<am]N[[fm|Zan]

/ F(fu)dn [ F(fu)dp
Hflean] [Ifleam]

1
< sup{/ F(f)du : feBx} -6+~
[1fl>an] m

1 1

IA

S+——6+-—
n n
2

n
So for each positive integer n we have

2
sup | F(hn)dn = sup [ F(h)dp < 2
[lhmlzan] [lhmlzan] n

m m>n
It follows then that {F(h,,) : m > 1} is uniformly integrable in L' and so by Theorem (1.8), (h,) has
equi-absolutely continuous norms as we claimed. Hence by Theorem (1.9), (h,,) is relatively weakly compact
in L}.. So by passing to appropriate subsequences, we can assume that (g,) spans a complemented {; in L},
and (hy,) is weakly convergent in L. Thus (han — hopt1) is weakly null. So by Mazur’s theorem, there is

an increasing sequence (ny) of positive integers and a sequence (ay) of non-negative reals so that
ng
] Z];;lchrl a; = 1.
e The sequence (wy) defined by wy, = E?E&H a;(hgj — hojy1) is norm-null in L¥.

Let

Nk+1

U = Z aj(ij_fQjJrl)

j=ng+1

12



and

Nkg41
Vg = Z aj(g2j - 92j+1) .
j=nr+1
Then uy = vg + wy and ||ur — vil|lF = |Jwkl|F — 0 as kK — oco. By selection, (ﬁ) was equivalent to I;’s

1
n’

unit vector basis with complemented span in L. As ||gn|lr > [ F(gn)dp > 6 — =, (gn) itself is equivalent to

l1’s unit vector basis. A little thought convinces us that this is also the case with (v), with the closed linear
span of (vy) still complemented in L% of course. By passing to a subsequence to ensure that |lup — vg|lF

converges to zero fast enough to apply Lemma (2.2), the result is finished.

2.2 Subspaces of L}, that have type

The work of Kadec and Pelczynski in [4], finds its natural continuation in the work of Rosenthal. In [12],
Rosenthal shows that a subspace of L' is reflexive if and only if it has non-trivial type. In this section, we
follow his lead, to show that the same fact holds true for the special class of Orlicz spaces, we have been

considering. The following result, mentioned in the form of a lemma, is due to Dor and Kauffman (see [3] ).

Lemma 2.5 Suppose fi1,..., fn € Bri,) satisfy

n n
1> aifilli =6 ladl -
i=1 i=1

for any ay,...,a,, where 0 < 0 < 1.

Then there exist pairwise disjoint measurable sets A1, ..., A, such that

/ \fildp > 6% .
A;

We now adapt that lemma to our purposes.

Lemma 2.6 Suppose fi,..., fn € Brx () satisfy

n n
1Y aifillr >0 |ail
=1 =1

for any aq,...,a,, where 0 < 0 < 1. Then there exist pairwise disjoint measurable sets Ay, ..., A, such that
Ixa:fillr > 6%

13



Proof : There is no loss in assuming that || Y7, a;f;||r > 6 Y., |ai|, provided that not all of ai,. .., a, are

zero. Choose now g € B Lz, where G is the complement of F', so that

|/Q(Zaifi)dﬂ| >0y Jail -
=1 i=1

Then
/|Zai(gfi)|d/~‘ > ‘92 |a]
i=1 i=1
and so by Lemma (2.5) there is a collection of measurable and pairwise disjoint sets Aj, ..., A, so that

/ lgfildp > 6% Vi=1,...,n.
A;

By Holder’s inequality we then have that for eachi=1,...,n

Ixa fille = lglle - lIxa, fill F
> /Igfildu
A;
> 6%,

which is what we wanted.

The following theorem, characterizes reflexive subspaces of L7, for F' € Ay, with complement G satisfying
. G
limg o0 % =

Theorem 2.7 Let F' € Ay, with its complement G satisfying

G(mt)
% G(1)

for some m > 0. Let X be a subspace of L},. Then the following are equivalent :
1. The space X is not reflexive.
2. The space X contains a copy of Iy complemented in L.
3. The space X contains IT’s uniformly.
4. The space X fails to have non-trivial type.

Proof : The implication “1 = 2” is just theorem (2.4). As for “2 = 3” it follows directly from the definitions.

The double implication “3 < 4” is Pisier’s theorem (Theorem 1.10). So we will only show “3 = 17.

14



Suppose that X contains [7"’s uniformly. Then there is a 0 < # < 1 so that for each positive integer n,

there are functions fi,..., f, € Bx satisfying
n n
1> aifille =60 |ail ,
i=1 i=1
for any choice of scalars ay,...,a,. So by Lemma (2.6), we have that for each positive integer n, there are
functions fi,..., f, € Bx and measurable, pairwise disjoint sets Aj,..., A, so that

Ixa, filp > 0% i=1,...,n.

Since Aj,..., A, are pairwise disjoint, at least one of them must have p-measure less than % Thus Bx
cannot have equi-absolutely continuous norms. Hence by Theorem (1.9), By is not weakly compact in L%,

and so X is not reflexive. 1
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